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A simple molecular model is proposed for novel bent-core smectic phases that enables one to explain the
origin of the experimentally observed chiral structure of theB2 phase composed of nonchiral banana-shaped
molecules. It is shown that in the perfectly ordered smectic phase the distributed dispersion interaction between
banana-shaped molecules stabilizes the spontaneous polarization and may be responsible for the tilt of the
director. The orientation of the spontaneous polarization with respect to the tilt plane is determined by the
balance between the dispersion and electrostatic dipole-dipole intermolecular interactions. In particular, suffi-
ciently strong dipole-dipole interaction promotes theB2 phase where the polarization is normal to the tilt plane.
The actual chiral structure of each smectic layer in theB2 phase appears as a result of the symmetry breaking.
In the case of small molecular dipoles the nonchiral polar smectic phase is formed where the spontaneous
polarization is parallel to the tilt plane. The role of the opening angle and of the axial ratio of banana-shaped
molecules is also considered and a phase diagram is presented.
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I. INTRODUCTION

Ferroelectric and antiferroelectric ordering in liquid crys-
tals is an interesting phenomenon that continues to attract
significant attention due to its fundamental importance and
due to various applications in display devices and telecom-
munication systems. In conventional ferroelectric liquid
crystal phases, such as the smectic-C* phase, the spontane-
ous polarization is determined by molecular chirality[1–3].
The polarization does not appear in a self-consistent way, but
is induced by the tilt of the directorn (that specifies the
preferred orientation of long molecular axes) with respect to
the layer normalk. The tilt of the director can be character-
ized by the pseudoscalarw;sn·kdfnÃkg which is parallel
to theC2 symmetry axis perpendicular to the tilt plane. It is
well known since the original work of Meyer[1] that the
spontaneous polarizationPs may be proportional to the tiltw
only if the coupling coefficient is a pseudoscalar, i.e., if it is
determined by molecular chirality. Recently, however, a new
class of smectic liquid crystals has been discovered[4,5] that
is characterized by spontaneously polar and chiral layers
formed by nonchiral bent-core molecules which have “ba-
nana” or more exactly “bow” shaped cores. These new ma-
terials exhibit a number of smectic phases[6], but the most
investigated one is the so-calledB2 phase having the same
point symmetry as the conventional ferroelectric Sm-C*
phase[5]. One notes that theB2 phase in the ferroelectric
state is characterized by very large second-order nonlinear
optical coefficients[7–9], and thus these materials are prom-
ising for future applications in nonlinear optical devices.

The local structural chirality of theB2 phase can be char-
acterized by the pseudoscalar quantityD;sw·Psd. In the

Sm-C* phase the sign ofD is determined by the handedness
of chiral molecules while in theB2 phase the sign ofD is
random. As a result, one finds domains of opposite chirality
or a “racemic” B2 phase, where chirality alternates from
layer to layer[5]. The origin of the spontaneously polar and
chiral structure of theB2 phase is still unclear. Experimental
data and general theoretical studies[10] indicate that there
may be some relationship between polar and chiral symme-
try breaking in bent-core liquid crystals. On the other hand,
one cannot expect the spontaneous polarization simply to be
proportional to the tilt as in the Sm-C* phase. Recently an
untilted polar smectic Sm-APA phase has been reported,
which means that spontaneous polarization may appear with-
out a tilt. Moreover, in binary mixtures of bent-core and
rod-like molecules the tilt angle in theB2 phase decreases
with the increasing concentrations of rods, while the polar-
ization remains practically constant[11]. All these experi-
mental results suggest that polar ordering is a fundamental
property of bent-core smectic liquid crystals, while tilt may
or may not occur depending on particular molecular struc-
ture. This conclusion is supported by the results of recent
computer simulations of Lansacet al. [12], who have inves-
tigated the phase diagram of hard spherocylinder dimers with
different opening angles. Lansacet al. have found a transi-
tion from the nonpolar smectic-A phase to the polar orthogo-
nal Sm-APA phase with increasing opening angle. At the
same time no tilted phase has been found. Thus, the polar
ordering in bent-core phases may be directly determined by
strongly polar molecular shape. Spontaneous polarization
may occur due to polar excluded volume effects as in the
model of Lansacet al. [12], or/and it may be determined by
a combination of repulsion and attraction between banana
molecules as discussed below. At the same time, the experi-
mentally observed chiral structure of theB2 phase should be
stabilized by some additional intermolecular interactions. In
this paper we consider a simple model of a bent molecule
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composed of two rigid rods with permanent dipoles. In this
model total interaction between such molecules includes
short-range steric repulsion, interaction between permanent
dipoles and the dispersion interaction with interacting centers
distributed continuously along the molecule. We show that in
the limiting case of perfect orientational and translational
order a combination of these interactions stabilizes the tilted,
polar and chiral structure which corresponds to theB2 phase.
In the case of small molecular dipole a nonchiral smectic
phase is stabilized which corresponds to one of the structures
suggested by Brandt, Cladis, and Pleiner[13].

II. MOLECULAR MODEL

In the present model the banana molecule is represented
by a rigid dimer composed of two equal rods(“arms”) with
the opening anglep−2a (see Fig. 1). The orientation of an
arbitrary moleculei can be specified by the unit vectorai in
the direction of the long axis which points from one end of
the molecule to the other, and by the unit vectorbi in the
direction of the short molecular axis which is parallel to the
symmetry axis of the dimer. The orientations of the two
“arms” of banana moleculei are given by the vectorssi

+ and
si

− determined by

si
± ; ±ai cosa + bi sina. s1d

The “arms” cannot penetrate into each other, and there is also
a dispersion interaction between such molecules with the in-
teraction centers distributed continuously and homoge-
neously along the axes of “arms.” Let the variablest1 and t2
specify the positions of the interaction centers along the
“arms” of random banana molecules 1 and 2, respectively.
The dispersion interaction between any two pointst1 and t2
of molecules 1 and 2 decays asr−6st1,t2d, whererst1,t2d is
the distance between these points. In addition every molecule

i possesses a pair of permanent parallel dipoles located at the
centers of both “arms”(see Fig. 1). These dipoles are parallel
to the symmetry axisbi of the molecule.

As shown by Lansacet al. [12], rigid banana molecules of
the type presented in Fig. 1 can form polar smectic phases
simply due to packing effects. Thus, we assume that the
smectic phase exists and consider a simple case of the perfect
orientational and translational order. In this case the molecu-
lar centers are located in the same plane within one smectic
layer and the long axes are parallel to the local director. For
simplicity one may neglect the interaction between the op-
posite “arms” of molecules(i.e., the “arms” located in dif-
ferent half-spaces with respect to the layer mid-plane), since
both dispersion and dipole-dipole interactions strongly de-
crease with the increasing distance between the interaction
centers. Then the total interaction potential between mol-
ecules 1 and 2 can be expressed as a following sum:

U12 < U12
+ + U12

− , s2d

whereU12
± are the sums of dispersion and dipole-dipole in-

teractions between the corresponding “arms” of molecules 1
and 2 (i.e., the “arms” located in the same half-space with
respect to the layer mid-plane):

U12
± = −E

−,/2

,/2

dt1E
−,/2

,/2

dt2
J0d

4

r±
6st1,t2d

+
m2

r12
3 fsb1 · b2d − 3su · b1d

3su · b2dg, s3d

wherem is one of the molecular dipole moments,r 12 is the
intermolecular vector that joins the midpoints of both corre-
sponding “arms” of molecules 1 and 2, the unit vectoru is
defined asr 12/ r12, parameter, is the length of the banana
“arm” (i.e., the length of one rod in the dimer presented in
Fig. 1), both parameterst1 and t2 are equal to zero in the
midpoints of the corresponding “arms,” and the constantJ0
characterizes the strength of the dispersion attraction interac-
tion. The dimensional factord4 has been introduced for con-
venience, whered is the diameter of the rod.

The first term in Eq.(3) describes the dispersion interac-
tion between the corresponding “arms” of molecules 1 and 2.
The vectorr±st1,t2d connecting pointt1 of the first molecule
and pointt2 of the second molecule may be expressed as

r±st1,t2d = r 12 + t2s2
± − t1s1

±. s4d

Here the vectorss1
± and s2

± are given by Eq.(1), where the
long molecular axesa1 anda2 are assumed to be parallel to
the nematic directorn. The second term in Eq.(3) represents
the electrostatic interaction between the dipoles located in
the corresponding “arms” of molecules 1 and 2.

In Ref. [12] it was shown that steric repulsion of bent
molecules may also lead to the polar ordering of molecular
short axesb1 andb2. Here we show that dispersion interac-
tion distributed along the axes of such molecules will act in
the same direction increasing the polar order. This can be
seen from the dependence of the averaged dispersion inter-
action potential on the anglec between the short axesb1 and
b2. In the case of perfect orientational and translational order
the dispersion interaction energyUdisp (1,2) [i.e., the first
term in Eq.(3)] should be averaged over all relative positions

FIG. 1. Simple model of a bent-core molecule.
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of the two molecules in the smectic layer plane specified by
the intermolecular vectorr 12 also taking into account the
excluded volume effects at close contact. Then the average
dispersion interaction between the corresponding “arms” of
two banana molecules can be written as

kUdisp
± l = −E

0

2p

dwE
j12

`

r12dr12E
−,/2

,/2

dt1E
−,/2

,/2

dt2
J0d

4

r±
6st1,t2d

,

s5d

where the anglew specifies the orientation of the unit vector
u, j12 is the minimum distance between molecules 1 and 2
with parallel long axes, and the vectorr±st1,t2d is deter-
mined by Eq.(4).

In the general case it is difficult to find the minimum of
the averaged dispersion interaction between molecules 1 and
2 (that is a sum ofkUdisp

+ l and kUdisp
− l) with respect to the

anglec. However, taking into account that the tilt angle is
usually small, one may estimate the average dispersion inter-
action in the untilted smectic phase. In this caser±

2st1,t2d
may be expressed as

r±
2st1,t2d = hr12 7 ft2 cossw + c/2d − t1 cossw − c/2dg sinaj2

+ ft2 sinsw − c/2d − t1 sinsw + c/2dg2 sin2 a

+ st2 − t1d2 cos2 a. s6d

One notes, however, that the integral(5) cannot be taken
analytically even when the distancer±

2st1,t2d is determined
by Eq. (6). The minimum distancej12 also depends on the
anglesw and c, and, as a result, only the integral with re-
spect to the intermolecular separationr12 can be calculated
analytically. Taking this integral and calculating the other
three integrals in Eq.(5) numerically, one obtains the aver-
age dispersion interaction energy as a function of the anglec
between the short molecular axes that is presented in Fig. 2.

One can see from Fig. 2 that the average dispersion interac-
tion between banana molecules has a deep minimum atc
=0. The minimum becomes deeper for larger anglesa. One
notes that the casp atc=0 is related to the fact that the
interaction energy is averaged with the steric cut-off function
which is discontinuous. As a result, the average energy has a
discontinuous first derivative at the point of minimum.

Packing of bent rods simulated in[12] and the behavior of
the average dispersion interaction presented in Fig. 2 give a
strong indication that the short axes of banana molecules
with sufficiently large anglesa should be ordered in the
smectic phase. In the rest of this paper we assume for sim-
plicity that the ordering of transverse dipoles of such mol-
ecules is also perfect. In this case a number of important
results can be obtained analytically. It should be noted that
perfect ordering of short molecular axes implies that the
spontaneous polarization is nearly temperature independent.
For real bent-core mesogens this is not always the case. In
fact, temperature variation of the spontaneous polarization
depends on the molecular structure. For example, a signifi-
cant temperature dependence of the polarization has been
found by Jakliet al. (see Fig. 5 in Ref.[14]) within 5°–10°
below the transition point in theB2 phase. At the same time,
on a bent-core material with a widerB2 phase a very weak
temperature variation of the polarization has been found
more than 5° below the transition temperature[15]. A weak
temperature variation of the polarization has also been re-
ported by Schroderet al. [11] for a pure chlorine-substituted
bent-core mesogen. On the other hand, the binary mixture of
the same bent-core and a calamitic mesogen is characterized
by a temperature-dependent spontaneous polarization(see
Fig. 8 in [11]). As far as we know, temperature variation of
the tilt angle in theB2 phase is generally weaker than that of
the polarization. Variation of the tilt angle can qualitatively
be characterized by the variation of the layer spacing. Ex-
perimentally the layer spacing is nearly constant, for ex-
ample, for the pure bent-core mesogen studied in[11], and
for one of the mesogens investigated by Wirthet al. [16].
Thus one concludes that the approximation of perfect orien-
tational order is rather crude, in particular with respect to the
ordering of short molecular axes. Some consequences of
such an approximation are discussed in the last section. From
the thermodynamical point of view this approximation
means that thermal fluctuations are not expected to be very
important. In this case the free energy is dominated by the
internal energy and in the mean-field approximation it can be
written asF /V<r2kU12l /2, where the angular brackets de-
note the integration over the intermolecular vectorr 12 taking
into account the steric cut-off. Herer is the number density
of molecules.

One notes that in the present simple model there is still a
significant amount of freedom. The spontaneous polarization,
in principal, may point in any direction and the director may
or may not be tilted. It is shown in Sec. III that the actual
chiral structure of theB2 phase determined by the unique
relative orientation of the director, spontaneous polarization
and the smectic layer normal, may be obtained by minimiza-
tion of the sum of the average dispersion and dipole-dipole
interaction energies. In addition it is shown that in the case of
small molecular dipoles the most stable tilted structure is the

FIG. 2. Average dispersion interaction energy between untilted
molecules located in the same smectic layer as a function of the
angle between the short molecular axesb1 and b2 in the case
s, cosad /d=1.5: (1) a=0; (2) a=p /10; (3) a=p /7. The energy is
normalized by that for two corresponding rod-like molecules
kUdisp

* l.
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nonchiral one with the polarization parallel to the tilt plane.
Such a phase has been suggested by Brandtet al. [13] on
phenomenological grounds.

III. STRUCTURE OF THE TWO BENT-CORE TILTED
PHASES

The structure of an ideal smectic phase composed of ba-
nana molecules is determined by the minimum of the aver-
age interaction energy that includes the dispersion and the
dipole-dipole parts. In the case of perfect orientational order
(i.e., a1aa2b=nanb and b1=b2=m) the interaction between
the corresponding “arms”(that are parallel to each other) of
the two neighboring banana molecules is determined by the
following expression[see Eq.(3)]:

U12
± = − J0d

4E
−,

,

dsDtd
, − uDtu

r±
6sDtd

+
m2

r12
3 f1 − 3su · md2g , s7d

whereDt; t2− t1 and where the distancer±sDtd [see Eq.(4)]
is given by

r±
2sDtd = r±

2 + sDt + Dr±d2. s8d

Here Dr± ; r12su·s±d, r±
2; r12

2 −Dr±
2, and the unit vectorss±

;±n cosa+m sina. The total dipole-dipole and dispersion
interaction between molecules 1 and 2(that is equal to the
sum ofU12

+ andU12
− ) should be averaged over all orientations

of the intermolecular vectorr 12; r12u within the smectic
layer.

The minimum distancej12 between banana molecules 1
and 2 is equal to maxfj+,j−g, wherej+ andj− are the mini-
mum distances between the “upper” and “lower” “arms” of a
pair of banana molecules, respectively. These distances can
be expressed in the following way. For example,j+ is the
minimum distance of approach between the centers of two
equal rods which are both parallel tos+. In contact the vector
r 12 connecting the centers of such rods is given byr 12=j+u,
and the minimum distance between the axes of the rods is
equal to the rod diameterd. On the other hand, the same
distance is given by the projection of the vectorr 12 on the
plane perpendicular tos+. Taking this into account one ob-
tains

d/j± = cosg± = Î1 − su · s±d2, s9d

where sing+=su·s±d It follows from Eq. (9) that j+.j− if

sn · udsm · ud . 0, s10d

andj−.j+ otherwise.
Now let us define the unit vectorw in the layer plane

perpendicular to both vectorsn and k. One notes that the
direction of any of the three vectorsk, n, and w does not
have any physical meaning because only the corresponding
second rank tensorsnanb, kakb, andwawb are fixed by the
symmetry of the phase. In addition we define the unit vectors
c andl in the tilt plane, which are normal tok andn, respec-
tively, i.e., sc·kd=sl ·nd=0. Now the unit vectorsc and w
form an orthogonal basis in the layer plane, the vectorsc and
k form the basis in the tilt plane and the vectorsw andl form

the basis in the plane perpendicular to the directorn. Choos-
ing these vectors as shown in Fig. 3 one obtains the follow-
ing expressions for the vectorsu andm:

u = w cosw + c sinw, s11d

m = w cosb + l sinb, s12d

where the vectorw specifies the orientation of the intermo-
lecular vector in the layer plane and the vectorb specifies the
orientation of the spontaneous polarization which is always
perpendicular to the director in the present simple model.
Then the scalar productssn·ud andsm·ud may be expressed
as:

su · nd = sinw sinu, s13d

su · md = cosw cosb + sinw sinb cosu , s14d

where u is the tilt angle. In the casesh−p /2,uøp /2 ,
−p /2,bøp /2j and hp /2,uø3p /2 ,p /2,bø3p /2j
one obtains from Eqs.(10), (13), and(14):

j+ . j− if 0 , w ø
p

2
+ Dw,

s15d

j− . j+ if
p

2
+ Dw , w ø p,

where

Dw ; arctanscosu tanbd. s16d

In the opposite casesh−p /2,uøp /2 ,p /2,bø3p /2j and
hp /2,uø3p /2 ,−p /2,bøp /2j one obtains:

j− . j+ if 0 , w ø
p

2
+ Dw,

s17d

j+ . j− if
p

2
+ Dw , w ø p.

Equations(15)–(17) together with Eq.(9) completely define
the minimum distance between two banana molecules for
different values of the parametersu andb.

FIG. 3. The coordinate system(a) and orientation of the bent-
core molecule in the tilted amectic layer(b).
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A. Analytical results for the dispersion interaction

Taking into account that in Eq.(8) Dr± !, and that the
distancer± strongly decreases with the increasing parameter
Dt, one may extend the limits of integration in Eq.(7) to the
infinity:

Udisp
± < − J0d

4E
−`

`

dsDtd
, − uDtu

r±
6sDtd

. s18d

Substituting Eq.(8) into Eq. (18) one obtains:

Udisp
± < J0d

4H−
3p

8

,

r±
5 +

1

2sr±
2 + Dr±

2d2 +
Dr±

2

4r±
4

5r±
2 + 3Dr±

2

sr±
2 + Dr±

2d2

+
3Dr±

4r±
5 arctan

Dr±

r±
J . s19d

Taking into account thatr±
2+Dr±

2=r12
2 and Dr± ; r12su·s±d,

one obtains uDr±u / r±=tang± and r± / r12=cosg± where
sing±= uDr±u / r12= usu·s±du. Then Eq.(19) can be rewritten as

Udisp
± < −

3p

8
J0

,

d
S d

r12
D5 1

f1 − su · s±d2g5/2

+
1

4
J0S d

r12
D4H 2 + su · s±d2

f1 − su · s±d2g2

+
3su · s±darcsinsu · s±d

f1 − su · s±d2g3 J . s20d

Now the total dispersion interaction between molecules 1
and 2, that is equal to the sum ofUdisp

+ andUdisp
− , should be

averaged over all orientations of the intermolecular vector
r 12; r12u in the layer plane. The result strongly depends on
the minimum distancej12 between the two molecules. One
notes [see Eqs.(15)–(17)] that the minimum distance is
equal toj+ or j− depending on the relative values of the
anglesu andb. Let us assume for simplicity that −p /2,u
øp /2 and −p /2,bøp /2. In this case the minimum dis-
tance is equal toj+ if 0 ,wøp /2+Dw, and is equal toj− if
p /2+Dw,wøp. From Eqs.(13) and (14) one obtains

su · s±d = ±su · ndcosa + su · mdsina = ±sinw sinu cosa

+ fcosw cosb + sinw sinb cosugsina. s21d

Taking into account Eq.(21), one notes that the functions
Udisp

± [see Eq.(20)] and j± [see Eq.(9)] are periodic with
respect to the anglew with the periodp. Thus, the integral
over w from p /2 to 3p /2 is the same as the one from
−p /2 to p /2. As a result, the average dispersion interaction
potential may be written as

kUdispl = 2d−2E
0

p/2+Dw

dwE
j+

`

Udispr12dr12

+ 2d−2E
p/2+Dw

p

dwE
j−

`

Udispr12dr12, s22d

where the parameterDw is determined by Eq.(16). The in-
tegral over the intermolecular distancer12 in Eq. (22) can be
taken analytically. For example, in the casej12=j+ one ob-
tains

d−2E
j+

`

Udisp
± rdr =

1

8
J0

2 − p,/d + su · s±d2

1 − su · s±d2

+
3

8
J0

su · s±darcsinsu · s±d
f1 − su · s±d2g3/2

+
1

8
J0

f1 − su · s±d2gf2 + su · s7d2g
f1 − su · s7d2g2

+
1

8
J0

3f1 − su · s±d2gsu · s7darcsinsu · s7d
f1 − su · s7d2g5/2

−
1

8
pJ0

,

d

f1 − su · s±d2g3/2

f1 − su · s7d2g5/2. s23d

In the opposite casej12=j− the signs “1” and “2” are in-
terchanged on the right-hand side of Eq.(23). Substituting
Eqs. (21) and (23) into Eq. (22) and integrating the result
numerically with respect to the anglew, one obtains the av-
erage dispersion potentialkUdispl. The dependence of the av-
erage dispersion interaction on the tilt angleu is presented in
Fig. 4 for different anglesa. One can readily see that for
sufficiently large anglesaÞ0 the minimum of the average
dispersion interaction potential corresponds to a nonzero tilt.
Moreover, in the tilted phase the minimum of the averaged
dispersion interaction corresponds tob= ±p /2 and thus the
spontaneous polarization is parallel to the tilt plane.

B. Analytical results for the dipole-dipole interaction

The dipole interaction between the neighboring parts of
the two banana molecules can be written as

Udd = 2
m2

r12
3 f1 − 3su · md2g, s24d

where r12 is the distance between the dipoles. By analogy
with Eq. (22) the average dipole-dipole interaction may be
written in the form:

FIG. 4. Average dispersion interaction energy between parallel
banana molecules located in the same smectic layer as a function of
the tilt angle for s, cosad /d=1.5: (1) a=0; (2) a=p /15; (3) a
=p /10. The energy is normalized by that for the pair of correspond-
ing rod-like moleculeskUdisp

* l.
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kUddl = 2d−2E
0

p/2+Dw

dwE
j+

`

Uddr12dr12

+ 2d−2E
p/2+Dw

p

dwE
j−

`

Uddr12dr12. s25d

In the casej12=j+ the integration overr12 results in

d−2E
j+

`

Uddrdr = 2
m2

d3

d

j+
f1 − 3su · md2g

= 2
m2

d3
Î1 − su · s+d2f1 − 3su · md2g. s26d

In the opposite casej12=j− the corresponding integral over
r12 is equal to

d−2E
j−

`

Uddrdr = 2
m2

d3

d

j−
f1 − 3su · md2g

= 2
m2

d3
Î1 − su · s−d2f1 − 3su · md2g. s27d

Substituting Eqs.(14), (21), (26), and(27) into Eq. (25) and
integrating the result numerically over the anglew, one ob-
tains the average dipole-dipole potentialkUddl.

By contrast to the dispersion interaction, the minimum of
the average dipole-dipole interaction corresponds tob
=0±pn, i.e., the dipole-dipole interaction promotes the per-
pendicular orientation of the spontaneous polarization with
respect to the tilt plane.

C. Phase diagram

If both the dipole-dipole and the dispersion interactions
are taken into account, the total averaged interaction energy
may have its minimum either atb=±p /2±pn or at b
=0±pn depending on the relative strength of these two in-
teractions that can be measured by the dimensionless param-
eterm2/ sd3J0d. The correspondingha ,mj phase diagrams are
presented in Fig. 5 for different values of the axial ratio, /d
of the rod in the banana dimer. It follows from the phase
diagram that the tilted phase with the spontaneous polariza-
tion perpendicular to the tilt plane is more stable for large
dipoles and small anglesa. In this phase corresponding to
the commonly observedB2 phase the spontaneous polariza-
tion breaks the mirror symmetry, and, as a result, every
smectic layer appears to be chiral. By contrast, the nonchiral
banana phase, where the polarization is parallel to the tilt
plane, is more stable for small molecular dipoles and large
anglesa.

The dependence of the equilibrium tilt angleu on the
reduced square dipole is presented in Fig. 6 for different
values of the anglea. One can readily see that the tilt angle
increases with the increasing anglea. The discontinuity in
the tilt angle corresponds to the first-order phase transition
between theB2 phase which is more stable for large dipole
moments, and the nonchiral phase where the polarization is
parallel to the tilt plane. The dependence of the equilibrium
tilt angleu on the anglea is presented in Fig. 7 for different

values of the dimensionless parameterm2/ sd3J0d. It follows
from Fig. 7 that the tilt angle increases with the increasing
molecular dipole. Similar to Fig. 6, the discontinuity in the
tilt angle corresponds to the first-order transition between the
two banana phases with different orientations of the polar-
ization with respect to the tilt plane. TheB2 phase is more
stable for larger values of the opening anglep−2a.

IV. CONCLUSIONS

It has been shown that in the smectic phase formed by
perfectly aligned bent-core molecules the tilt of the director

FIG. 5. Phase diagram for the system of perfectly ordered ba-
nana molecules. Solid lines corresponding to different axial ratios
(1) , /d=1.5; (2) , /d=1.7; (3) , /d=2 separate theB2 phase, where
the polarization is perpendicular to the tilt plane, from the nonchiral
phase, where the polarization is parallel to the tilt plane. TheB2
phase is more stable for large dipoles and small anglesa.

FIG. 6. Equilibrium tilt angle in a banana smectic phase as a
function of the reduced square dipole fors, cosad /d=1.5 and for
different values ofa: (1) a=p /15; (2) a=p /10; (3) a=p /7. For
each curve the dipole moment is normalized separately by the criti-
cal valuem0=m0sad that is the value of the dipole at the transition
point for a givena.
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may be determined by the dispersion interaction between the
interaction centers distributed along the molecules. The bent
shape appears to be very important as the tilt is stabilized
only for banana molecules with sufficiently small opening
angles. In the context of the present model the tilt of the
director is further stabilized by the electrostatic interaction
between permanent dipoles located at the centers of two
“arms” of different banana molecules, and also by the in-
creasing molecular axial ratio. It should be noted that the
magnitude of the tilt angle obtained from the present model
is significantly larger than typical experimnetal data. Typical
experimental values of the tilt angle are in the domain be-
tween 14–25°[6,14,15] and 30–40°[6,11,22,24]. This dis-
crepancy can partly be explained by the geometry of the
molecular model used in this paper. Here the molecule is
represented by two rigid rods joined at a certain fixed open-
ing angle. In real bent-core materials the opening angle char-
acterizes the bent of the rigid core, while the molecule typi-
cally possesses also two alkyl tains. As a result the average
effective bent anglea of such a molecule may be signifi-
cantly smaller than that of the core, and the corresponding
experimental values of the tilt angle may be closer to theo-
retical results for smallera (see Fig. 6 and Fig. 7). On the
other hand, the low values of the tilt angle obtained in the
present model may partly be related to the approximation of
perfect orientational order. Thermal fluctuations are known
to decrease the corresponding order parameters including the
average tilt of long molecular axes in smectic phases.

In the tilted and polar smectic phase the equilibrium di-
rection of the spontaneous polarization is determined by a
balance between the dispersion and dipole-dipole interac-
tions. As shown on the phase diagram(see Fig. 5), in the
context of the present simple model there exist two tilted
polar phases which differ by the orientation of the spontane-
ous polarization with respect to the tilt plane. For sufficiently
large dipole moments and/or sufficiently large opening

angles the most stable tilted phase is the one with the polar-
ization perpendicular to the tilt plane. This structure corre-
sponds to the most commonB2 phase observed in many
bent-core molecular systems[6]. In particular, theB2 phase
is stabilized by the electrostatic dipole-dipole interaction be-
tween banana molecules if the dipoles are located within the
bent-core structure. The stability range of theB2 phase de-
creases with the increasing axial ratio of the molecule. It is
well known that theB2 phase is chiral, and the chirality of a
smectic layer can be specified by the pseudoscalar parameter
sPs·fnÃkgdsn·kd that changes sign under polarization rever-
sal. In the present model the chirality appears as a result of
the spontaneous symmetry breaking, and the two directions
of the spontaneous polarization are completely equivalent
from the energy point of view. In this case domains of op-
posite chirality, which have been observed experimentally
[5], should always be present in a sufficiently large system.
One notes that the point symmetry of theB2 banana phase is
the same as that of the conventional ferroelectric smectic-C*
phase. However, the microscopic origin of the chiral struc-
ture in theB2 phase is completely different from that of the
Sm-C* phase. In the conventional Sm-C* phase spontaneous
polarization appears only if the molecules are chiral, and the
direction of the polarization is specified by the molecular
chirality. In other words, the opposite directions of the spon-
taneous polarization are not energetically equivalent, and the
actual direction is stabilized by some specific interactions
between chiral molecules[17,18]. By contrast, in theB2
phase the molecules are nonchiral(at least on average), and
the spontaneous polarization appears in a self-consistent way,
mainly due to excluded volume effects[12,19,20]. Thus, this
is an example of theproper ferroelectricity similar to the one
observed in solid crystals. The actual chiral structure of the
B2 phase is then determined by a spontaneous chiral symme-
try breaking. In the simple model considered in this paper the
equilibrium polarization is either parallel or perpendicular to
the tilt plane. In principle the polarization can make an arbi-
trary angle with the tilt plane, as proposed by de Gennes
[21]. There are experimental indications that such a chiral
smectic phase which is characterised by theC1 symmetry,
indeed exists[22–25]. The present model does not describe
this phase because it does not correspond to the minimum of
the simple model interaction potential. However, if the ap-
proximation of the perfect orientational order is not used,
one has to take into consideration an entropy term which
generally possesses a more complex orientational depen-
dence. Then the low symmetry bent-core phase may corre-
spond to one of the minima of the corresponding free energy
under favorable conditions. This problem deserves a separate
investigation.

It should be noted that chirality effects in real banana
liquid crystal materials may be more complicated. For ex-
ample, under application of suitable electric fields the chiral-
ity of the bent-core phase may be interchanged between ho-
mochiral and racemic[16]. Moreover, chiral domains appear
even in the untiltedB4 phase as clearly indicated by obser-
vations of circular dichroism and microscopic textures
[26,27]. The chirality is also preserved during the transition
between theB2 andB4 phases[28]. These effects may be
determined by a spontaneous deracemization in the system

FIG. 7. Equilibrium tilt angle as a function of the reduced angle
a for s, cosad /d=1.5 and for different values of the dimensionless
dipole: (1) m2/ sd3J0d=0.1; (2) m2/ sd3J0d=0.2; (3) m2/ sd3J0d=0.5.
For each curve the anglea is normalized separately by the critical
value a0=a0smd that is the angle corresponding to the transition
point for a givenm.
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of chiral conformers. The existence of two chiral conforma-
tions of a typical bent-core molecule is strongly suggested by
NMR data[29]. The role of chiral conformations in the ba-
nana phases will be considered in the future publication.

The analysis of the present molecular model indicates that
if the molecular dipoles are small and/or the opening angle
of the bent-core molecule is small, the most stable tilted
smectic phase possesses a nonchiral structure with the spon-
taneous polarization being parallel to the tilt plane. Such a
phase corresponds to one of the structures suggested in Ref.
[13]. One notes, however, that this combination of molecular
parameters is not typical for real bent-core materials. In the
case of small opening angles the shape of a bent-core mol-
ecule is becoming too biaxial and the smectic layered struc-
ture may lose its stability. Instead, such systems may exhibit
a columnar phase[6]. This enables one to understand why
this nonchiral tilted phase should be far less common than
theB2 phase. Recently a similar phase has been observed in
banana-shaped 4-cyanoresorcinol derivatives[30] although it
is difficult to distinguish it from the orthogonal Sm-A type

polar biaxial phase. Finally it should be noted that the
present results have been obtained using a molecular model
with homogeneous distribution of interaction centers along
the molecule. The dispersion interaction between real banana
molecules is mainly determined by the interaction between
bent cores located in the central part of the molecule. Thus it
may be interesting to consider the influence of the distribu-
tion of interaction centers on the phase diagram. This prob-
lem is currently under study.
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